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INTEGRALS OF ENERGY AND AREA
OF A SYSTEM OF SPINNING TOP

This work shows a model of spinning tops superimposed one over on the other that is rep-
resented by a system of two Lagrange gyroscopes, which are connected by elastic hinges, and
with two supports on the ends. And we obtain the integrals of energy and area for this system.

Introduction

From ancient times until today, many engineering problems have been studied
like systems of connected rigid bodies. A variety of instruments and devices in
aviation, maritime, land, and space technology are analyzed as a system of rigid
bodies. These types of systems are considered gyrostats, gyroscopic system, ma-
nipulators, bodies that spin on a string or a string suspension, wheeled vehicles,
and among others. Also the system of rigid bodies has been successfully used for
describing the dynamics of complex system like spacecraft [1].

The problem of motion of coupled rigid bodies, even when there are only two
bodies, is much more complicated than the classical problem of motion of one
body. The first goal of any research is to formulate equations of motion of the
object. It would seem that the equations of motion can be apply to the standard
methods of analytical dynamics, for example, write down the equations in the
form of Lagrange equations. But often these equations are obtained as bulky that
their use for solving problems is almost impossible. In this case, we need to write
the motion equations in the form that will be the best suited for analysis that repre-
sent their characteristics of interest [2].

The work shows a system of two spinning tops superimposed one over the
other. This model is represented by two of Lagrange gyroscopes, which are con-
nected by elastic hinges, and with two supports on the ends on inertial and non-
inertial systems, and we obtain the integrals of energy and area of the system.

Description

The spinning tops superimposed one over the other, we represent like a system
of two identical Lagrange gyroscopes S; (n = 1, 2) connected among themselves in
the points O, by elastic universal hinges (figure 1). And the point O, of the body
S is fixed, and the point O; of body S; moves only along a fixed axis Z going from
O, to Os. The [, and [, are axes of symmetry, and C, are the mass centers; % is dis-
tance between O; and O;,; (i =1, 2), and h/2 = C.
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Figure 1 —Spinning tops (a), Lagrange gyroscopes (b)

We introduce a fixed coordinate system O,XYZ (with unit vectors), whose axis
is directed opposite to the gravity vector. And on each body S;, we bind a moving

coordinate system, with a basis Oej'e]’ef , the vector ¢;° is directed along the

symmetry axis of the gyroscope /; (i = 1, 2). In addition, we assume that the axes
of elastic universal joint are directed along the axes of vectors Ely and Ezy _This

system has three degrees of freedom.

Mechanical system admits two first integrals: the energy integral and area in-
tegral. We write the form of these integrals in the case when the position of the
bodies S; relative to the fixed angles e,eye, is described by Krilov angles o, B;, ¥
We consider that the system is in a gravitational field.

Integrals of Energy and Area

The kinetic energy of a system of two Lagrange gyroscopes S; (i=1,2), can be
written as follows [3].

Lpo U oo i
T:EJ(O)IXrI)ZpdVJrEJ([031><0203]+[0)2><r2])2pdv, (1)
4 V2

where 7 — vector with initial point O;, aimed at an arbitrary point P; of the body
S;; o; — absolute angular velocity of the body S;; V; — volume of the body S;;

Expressing the quantities in the integrals of (1) through the Krylov angles and
integrating, we obtain the following form for the kinetic energy.
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rR2 42 2 : S 2 32 |, 42 2
2T = A{(By +6ij cos™ By) + By () =0y sin )™ + Ay (B2 + G cos™ By) +
+ B2 ('Yz - sz sin [32)2 + 2m2C2h[[.3132(COS Bl COS Bz +
+sin B sin B, cos[o — &, ) + GOy cos B, cos Py cos(ay — 0y ) +
+ B0y sin B, cosPy sin(oy —oty) — By &y cos Py sin By sin(ory — 062)],
where A; — inertia moment main axes (i = 1,2); Aj = A; + m2h2 — inertia moment;
m; — mass body S;, h; — length of point O, to O,,,, ¢c; — length of center of mass
body S; to point O, body Si.
Because S; and S, are connected by a universal hinge, the system has a relation
between angles the B; =B, =, o, = 0, = 0, we obtain a simple form for the ki-
netic energy

2T = (A] + A>)(B? + 62 cos? B) + By (4, — &sinB)% + By (1, — dsin B)? —
- 2m202h[B2(0052 B- sin? Bcos2a) + &2 cos? Bcos2o + 2)
+ 2Bu(sin P cosBsin 201].
For the potential energy of the system we have:
P=W (2, &)+, (e, &5 )+ Py (y}).
where Wy = glmcyp +myh), Wy = gmycy;
P, is an even differentiable function, its argument ¥, is the angle formed by /;
and l,. P»(0) =0, y, is found through of cosy, =e¢j -5 . And by B, =P, =B,
o, = 0, = O, we obtain
P = cosP;cosyy + 1y cosPycosy, + P (\|!(2)) =
=W, cosPcosy| + Ly cosfcosyy + Py (qf%).
The study system is conservative, so it admits the energy integral (2) and (3)

E =T+ P = const.

As moment of external forces with respect to the vertical, passing through the
fixed point O, is equal to zero, we have integral of area

(€)

K -e® =const.

where K — angular momentum,

K = [7%(@ x7)pdV, + [ (7 +5)X @ X7y + T x5)pdVy . ()
Vi V2

We obtain (4) through of Krilov angles o, B;, ¥; as follows
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k = A; (&sinBcosPcosa —Psin o) + By cosPcos iy — osinB) +
+ A, (Gusin B cos Pcos o+ Bsin o) + B, cosPcosau(y, — GsinB) +
+myhc, (—26sin Beos Pcos o — P cos 2P sin o) +

+ m2h2[('xsin BcosPcosa —BsinP] = const.

In this work a system of two Lagrange gyroscopes, connected by elastic uni-
versal joint is described; it represents a simple model of spinning tops superim-
posed one over on the other, we obtain integrals of energy and area. We obtained
the integrals of area and energy to further study its stationary motions.
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I BEJIACKO-3PPEPA, I]. A. I'. [IEPE3-MOPEHO, O. B. BA3KE3-9CTPA/IA
UHTETPAJIBI SHEPTUHU U TVIOWIAIEA J1JII CACTEMbBI BOJTUKOB

B pa60Te paccMOTpE€Ha MOAECIb HAJIOKCHHBIX APYr HAa ApYyra BOJYKOB, IPEACTaBJICHHASA
CUCTEMOM JABYX I'MPOCKOIIOB J'IarpaH)Ka, KOTOPbLIE COCAUHEHDBI YIIPYI'UM LIApHUPOM U 3aKpEII-
JICHBI Ha IPYTUX KOHIAX. HOJ'Iy‘{eHLI HHTErpajibl SQHEPTUU U TUIOIIA/ICH JIJISl 3TOM CUCTEMBI.
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U. A. BOPOJXYVH, A. B. 34BOPOTHBIH
benopycckuii eocyoapcmeennviii ynugepcumem mpancnopma, 1 omens

CPABHUTEJIbHBIN AHAJIN3 CITIOCOBOB KPEILJIEHUSA
APYCOB TPYB HA IINIAT®OPME

PaccMotpen croco6 pasmerieHns U KpeIuieHusT TpyO Ha KeJIe3HOIOPOXKHOH miatdop-
Me. B mpuHsTOl cxeme TpyObl KaXAOoro spyca Kperstcs B MPOJOILHOM HANpaBiICHHN He-
MOCPEACTBEHHO K pame ImiaT)opMbl. PeKBU3HUTH KpeIuieHHs TpyO COmepiKaT HATSIKHBIC
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